The structure of cylindrical double layers is studied using a modified Poisson Boltzmann theory and the density functional approach. In the model double layer, the electrode is a cylindrical polyion that is infinitely long, impenetrable, and uniformly charged. The polyion is immersed in a sea of equi-sized rigid ions embedded in a dielectric continuum. An in-depth comparison of the theoretically predicted zeta potentials, the mean electrostatic potentials, and the electrode-ion singlet density distributions is made with the corresponding Monte Carlo simulation data. The theories are seen to be consistent in their predictions that include variations in ionic diameters, electrolyte concentrations, and electrode surface charge densities, and are also capable of well reproducing some new and existing Monte Carlo results.
Introduction
Description of the interactions and correlations of large polyions with the small, more mobile ions in the surrounding ionic cloud is of significance in situations ranging from fundamental life processes such as the transport of ions, water, and various molecules across cell membranes, flocculation in colloidal systems [1] , industrial polyelectrolytes [2] , and the native structure of DNA and various proteins [3] [4] [5] . The structure and thermodynamics of all these systems manifest the complex behaviour of small ions within the atmosphere. A detailed understanding of the static structural features is therefore central to assessing the relative effect of various control parameters in such phenomena.
The electrode (polyion) along with the neighbouring inhomogeneous ion layer constitute the electric double layer with the shape of the polyion determining the geometry of the double layer. Over the past few decades the planar double layer (PDL) has become synonymous with the electric double layer as it has been the one to have been extensively investigated through theoretical approaches, numerical simulation methods, and experimental techniques (see for example, references [6, 7] for recent reviews). This notwithstanding, other double layer systems, viz., the cylindrical double layer (CDL), the spherical double layer (SDL), and ellipsoidal double layer (ESDL) have been coming under increasing scrutiny in recent years.
A number of experimental techniques including the small angle x-ray and neutron scattering [8, 9] , the optical imaging, and electrophoretic mobility measurements have been used to probe the properties of electric double layers [10, 11] . Recent advances in theoretical approaches and simulation methodologies have aided in the explanation of some of these experimental observations [12] . In most of the theoretical studies, the polyion is generally modelled as an infinitely long, hard, uniformly charged cylinder with the small ions being treated as charged hard spheres moving in a dielectric continuum. This is the so-called primitive model of the CDL. Of the theoretical studies mention ought to be made of the counterion condensation (CC) theory [13] , the classical Poisson-Boltzmann (PB) description [14, 15] , and the formal statistical mechanical approaches, for example, the integral equation theories [16, 17] , the modified Poisson-Boltzmann theory (MPB) [18] [19] [20] , and the density functional theory (DFT) [21, 22] . Parallel Monte Carlo (MC) simulations in various forms [9, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] have provided exact quantitative data for many model systems with regard to their structure and thermodynamics. However, many of these simulations have involved the cylindrical cell model [9, [27] [28] [29] [30] [31] [32] where the polyion is at a finite, non-zero concentration. By contrast, in the case of the CDL -our focus in this paper, the polyion is at infinite dilution, and in this situation the early MC simulations [23] [24] [25] [26] were somewhat limited in their scope. Indeed, in an earlier paper [33] two of us tried to compare the DFT and the MPB structural results for the primitive model CDL but the lack of detailed simulation data proved a hindrance and precluded a detailed comparison. The picture has now changed, however, with the availability of a new generation of MC simulation results due to Goel et al. [34] . This will permit a critical evaluation of these theories relative to the benchmark of the simulation data.
The DFT and MPB approaches to the electric double layer theory have come to be recognized as being two of the more successful ones for the planar [35] , spherical [36, 37] , and cylindrical [33] symmetries. In the PDL, in particular, both the theories have proved useful in describing the capacitance behaviour including capacitance anomaly at low temperatures [38] . The DFT techniques have evolved over the years since the initial applications to the PDL in the early 1990's [39] [40] [41] . In recent years, a number of new formulations of DFT, coupled with different statistical mechanical approaches, have emerged as robust methods to study the systems involving correlations like the electric double layer [42] . A partially perturbative DFT procedure [21, 43] is adopted in the present work where the hard sphere part is determined through the weighted density approach (WDA) of Denton and Ashcroft [44] , while the electrical contribution is a perturbation on the corresponding bulk electrolyte. The essential idea of the MPB theory is to incorporate within a potential formulation, the important missing elements in the classical PB formulation, namely, the inter-ionic correlations and the ionic exclusion volume effects. For the CDL, an MPB equation was first obtained by Outhwaite [18] . Numerical solutions were later developed by Bhuiyan and Outhwaite [19, 20] with some limited comparison with the hypernetted chain/mean spherical approximation [45, 46] .
The first detailed comparative study of the DFT and the MPB structural results relative to MC simulations was undertaken by Bhuiyan and Outhwaite [35] for the PDL. The two theories were seen to be remarkably consistent over a wide range of physical parameters probed through the simulations [47] . A similar consistency between the theories was later observed by the same authors [36] with regard to structure in a SDL. An interesting result of the latter work is the charge inversion phenomenon observed in the MC simulations [48] for higher valencies, which was also reproduced by both the theories to a very good accuracy. It is thus natural to wonder if such trends will carry over to cylindrical symmetries.
In this paper we will explore the DFT and MPB theories for a primitive model CDL with a particular emphasis on the comparative behaviour of zeta potentials, density and mean electrostatic profiles visa-vis the Monte Carlo data. The zeta potentials are useful indicators of the capacitance characteristics of double layers and such comparison of these two theories in this regard has not appeared in the literature. Although our focus will be on DFT and MPB calculations at different physical states, we also intend to do MC simulations for new states.
Model and methods
As indicated in the previous section, in the model double layer system treated here, the polyion is mimicked by an infinitely long, non-polarizable, hard cylinder with a uniform surface charge density. The polyion is bathed by a restricted primitive model (RPM) electrolyte (equi-sized charged hard spheres moving in a dielectric continuum). The polyion surface charge density σ is related to the axial charge ξ
where e is the fundamental charge, b is the monomer length (length per unit charge), β = (k B T ) −1 , k B being the Boltzmann's constant, and T the temperature. The continuum solvent is characterized by the relative permittivity ǫ r (ǫ 0 is the vacuum permittivity), which is taken to be ǫ r = 78.358, and R is the radius of the polyion taken as R = 8 × 10 −10 m. Following the previous work of Patra and Bhuiyan [33] we have set T = 298.15 K, b = 1.7 × 10 −10 m, and in most cases ξ = 4.2 (σ = 0.187 C/m 2 ), which are the accepted values for a double-stranded DNA [26] . The other variable physical quantities will be described in the Results section. Denoting the charge of a small ion of species i by q i = Z i e, with Z i being the ionic valency, the ion-ion interaction potential in the Hamiltonian can be written as
where r is the distance between a pair of ions and a is the common diameter of the ions of the bathing electrolyte. The bare interaction between an ion of species i and the polyion is given by
where v i (r i ) and w i (r i ) are the non-electrostatic and electrostatic (Coulombic) parts of the ion-polyion potential with r i being radial distance of ion i from the polyion axis. The non-electrostatic contribution is a hard-core potential
The electrostatic part w i (r ) is given by
The above double layer model was solved using the DFT and MPB techniques. The development of these theories has been chronicled elsewhere in the literature and will not be repeated here. For a summary of the principal equations that are used in the present calculations we refer the reader again to the earlier work by Patra and Bhuiyan [33] . The MC simulations were done in the canonical ensemble using the standard Metropolis algorithm and have been described by Goel et al. [34] .
Results and discussion
The DFT and MPB equations were solved numerically following the procedure given in references [39, 43] for DFT and [49] [50] [51] for MPB. During the course of calculations we generally considered the following ranges of variation for some of the physical parameters: the electrolyte concentration c from 0.05 mol/dm 3 to 2 mol/dm 3 , the ionic diameter a from 2 × 10 −10 m to 6 × 10 −10 m, and the axial charge factor ξ from 2.1 (σ = 0.0935 C/m 2 ) to 10.5 (σ = 0.468 C/m 2 ). These parameters were chosen to be in line with the existing MC data [34] . It ought to be mentioned though that the same ranges of variation for the same parameters were not strictly maintained for all the electrolyte systems treated. For comparison purposes we have also obtained numerical solution of the classical PB theory at the same set of physical states. In describing the results we will use universal reduced parameters for convenience, the relevant ones in the present case being σ * (= σd 2 /e) for the reduced surface charge density, and ψ
for the reduced mean electrostatic potential. 
Zeta potential
We begin this discussion by considering the zeta potential profile as a function of polyion surface charge density σ, salt concentration c, and ionic valency Z i . The zeta potential is defined in the polyelectrolyte literature as the mean electrostatic potential at the closest approach between the small ion and the charged polyion, that is, ζ = ψ(R + a/2). Figures 1-3 depict the reduced zeta potential profiles ζ * = ψ * (R/a + 1/2) with respect to the reduced surface charge density σ * . In these calculations, the ionic diameter is held fixed at a = 4 × 10 −10 m. The results for a 1:1 electrolyte system at three different electrolyte concentrations c = 0.1 mol/dm 3 , 1 mol/dm 3 , and 2 mol/dm 3 are shown in figures 1 (a)-(c) . In all cases the MC ζ * is monotonic and increases continuously with σ * , although the rate of increment decreases at the higher salt concentration. The PB results overestimate the MC ζ * for the same σ * and this deviation increases with concentration. This is of course a well known feature of the mean field result in that the theory is more useful for monovalent systems at low concentrations where the effect of the neglected inter-ionic correlations is relatively less. One of the more noteworthy features of figure 1 is the quantitative agreement of the DFT and MPB predictions with MC results at all concentrations and over the whole range of σ * studied. A similar level of agreement between the two approaches was seen for the PDL [35] and the SDL [36] .
As we move on to 2:2 systems in figure 2 , the striking feature is that the MC, DFT, and MPB ζ * are no longer monotonic. Indeed, the MC ζ * shows a maximum before starting to decrease at high σ * . Both DFT and MPB ζ * follow the MC trends closely. At still higher surface charges, viz., σ * 0.5, the MPB shows a shallow valley before increasing again as can be seen in the insets. This trend is probably an artefact of the theory. The PB results are monotonic and are thus not even qualitative with the simulations. reference [34] . Figure 3 shows the ζ * for an asymmetric 2:1/1:2 valency electrolyte. In the region σ * > 0 we have univalent counterions, while in the region σ * < 0 the counterions are divalent. It is interesting to observe that the characteristics of the zeta potential for the 2:1 and 1:2 systems resemble that for 1:1 in figure 1, and 2:2 in figure 2, respectively. This is clearly indicative of the well known result that it is the electrodecounterion interaction that governs double layer properties. Although not clearly visible at the scale of the figures, the MC, DFT, and MPB reveal a non-zero potential of zero charge (pzc), which is a consequence of asymmetry in the system. Besides, both DFT and MPB show good overall agreements with the simulations. The PB theory, however, does not reveal any non-zero pzc and is again not qualitative with the MC results for 1:2 systems. We remark further that the maxima or minima in ζ * have been predicted previously theoretically and through simulations for the PDL [ 
Double layer structure 3.2.1. 1:1 electrolytes
We now focus on the static structural properties of the CDL given in figures 4-10. In the three figures 4, 5, and 6 we will compare the theoretical results with the available MC data [34] for ionic density distributions as well as the mean electrostatic potentials for 1:1 salts at different parametric conditions. g i (r ) are monotonically decreasing with the DFT and MPB results being virtually indistinguishable from the MC results. With an increase in electrolyte concentration, this decrease becomes more rapid and the double layer becomes progressively less diffuse. An increase of concentration also leads to an increase in coion contact value and to a decrease in counterion contact value. This is due to a more complete screening at these conditions. As has been seen previously in case of the PDL [35] , at such relatively low concentration 1:1 systems, the PB results are also in good agreement with the simulations.
The effect of ionic size on the double layer structure is illustrated in figure 5 , where we present the results at ionic diameters a = 2, 4, and 6×10 −10 m, respectively. These calculations are at c = 0.5 mol/dm 
2:2 and 2:1/1:2 electrolytes
Turning now to higher and/or multivalent electrolyte systems, in figure 7 we present the density and the potential profiles for 2:2 and 2:1 electrolytes at 0.1 mol/dm 2 ). We remark here that we have performed the MC simulations for these cases in the course of this work as this data in reference [34] has been found to be somewhat doubtful. The 2:2 electrolyte with the divalent counterion shows somewhat larger structure relative to the 2:1 electrolyte due to an increased polyion-counterion attraction. This is also visible in the potential profiles with the double layer being more diffuse in the latter case. The DFT and MPB results again show a considerable consistency for both 2:2 and 2:1 salts, although in the former instance the MPB coion g (r ) is marginally closer to the MC data near contact. In the same case, the PB also shows a greater deviation.
The role of an increased electrostatic attraction between the polyion and multivalent counterions in characterizing the polyion-ion distributions and mean electrostatic potential profiles is further evident in figures 8-10, which show the structure of a double layer for 1:2 electrolytes under different physical conditions. Figure 8 shows the effect of an increasing concentration at fixed a = 4 × 10 −10 m and ξ = 4.2 (σ = 0.187 C/m 2 ). While at the two lower concentrations the profiles are all monotonic, at the highest con- centration (c = 0.5 mol/dm 3 ) oscillations are visible in the g i 's and ψ * . In particular, the minimum in ψ * next to the polyion indicates an overscreening (charge reversal) of the polyion by the counterions. This has been observed in earlier double layer studies involving, besides the DFT and MPB, other theoretical and numerical methods [17] . The DFT and MPB theories follow the MC data very closely, whereas the classical theory shows a substantial deviation especially at c = 0.5 mol/dm 3 where its monotonic behaviour is at odds with that of the simulations. Overscreening can also be a function of ionic size as well the surface charge density of the polyion as can be gleaned from figures 9 and 10. A rather large charge inversion is observed in figure 9 when the depth of the potential minimum increases with an increase in ionic size. The comparative behaviour of the DFT and the MPB theories relative to the MC simulations seen earlier extends to these situations too, while the PB theory continues to show large and sometimes qualitative discrepancies. Charge correlation shows its prominence in figure 10 with overscreening leading to large charge inversion at the highest surface charge density treated [ξ = 10.5 (σ = 0.486 C/m
2 )]. However, in this situation the DFT coion distribution shows some deviation from the MC and MPB results, similar to that for the 2:2 case in figure 7 , possibly due to the approximation involved in the present formulation of the theory. The DFT charge inversion is also overestimated at ξ = 10.5. In the classical formalism, steric effects or charge correlations are never taken into account and as such the PB theory yields monotonically decreasing density and potential profiles at all concentrations, ionic sizes, and surface charge densities.
Conclusions
We have done a comparative study of the density functional and the modified Poisson-Boltzmann theories as applied to the RPM cylindrical double layer. A critical evaluation of these analytical approaches in their ability to reproduce the Monte Carlo results for the zeta potentials, the singlet density distributions, and the mean electrostatic potential profiles has been the theme of this work. An important global aspect of the results is the consistency of both theories in their predictions of these structural features for the range of the concentrations of the electrolyte, ionic diameters, and the polyion surface charge densities studied here; the theories also follow the Monte Carlo simulations to a very good degree overall.
The classical mean field results are reasonable for 1:1 valencies at relatively low concentrations, but are generally poor and even fail to be qualitative with the simulations and the formal theoretical results at higher concentrations and/or in the presence of higher valency or asymmetric valency electrolytes. These results are not unsurprising and point to the importance of including ionic correlations and exclusion volume effects. The appearance of a maximum (or minimum) in the zeta potentials for electrolytes with multivalent counterions is an interesting phenomenon and is suggestive of a non-monotonic nature of the differential capacitance. In such situations, the density and potential profiles also indicate polyion overcharging [36, 37] . The present study of the double layer in cylindrical geometry in conjunction with the earlier studies in planar [35] , and spherical [36] geometries reveal remarkable overall consistency of the DFT and MPB theories both among themselves and with the corresponding simulation data. and hence the usefulness of these theories in describing interfacial double layers. This is encouragement for a future development and application of these theories to more complex polyelectrolyte and colloidal systems.
